This paper studies a contingent claim pricing problem in incomplete markets, based on the risk indifference principle. The seller's dynamic risk indifference price is the payment that makes the risk involved for the seller of a contract equal, at any time, to the risk involved if the contract is not sold and no payment is received. An explicit formula for the dynamic risk indifference price is given as the solution of a one-dimensional linear BSDE with stochastic Lipschitz coefficient. The results show that any convex risk measure used for indifference pricing leads to an equivalent martingale measure. This entails a simple linear representation of the price as the expected derivative payoff under the "risk indifference measure". From a risk management perspective, the model provides two-sided risk indifference bounds for derivative prices in incomplete markets.
Introduction
Relying on risk indifference arguments, this article explicitly solves a contingent claim pricing problem in incomplete markets, when the incompleteness comes from the illiquidity of the underlying traded assets.
Pricing in incomplete markets has been intensively studied, especially in the case of constrained markets which, for example, concerns derivatives based on non-tradable assets (see El Karoui and Quenez [27] , Cvitanic et al. [18] , [19] , [20] , Horst and Müller [43] , Ankirchner et al. [2] , and the references there in). In this paper, however, all the underlying risky assets are tradable assets. Yet, the market is incomplete because the number of risky assets is assumed to be smaller than the dimension of the Brownian motion which models the risk factors on the market. In that sense, incompleteness comes from illiquidity of the traded assets. Mathematically, the situation resembles the constrained market case, with assets driven by untraded sources of uncertainty, the main difference being that the derivative payoff involves traded assets only.
This model applies for example to international risk sharing or to market capitalization range index returns (Kaido and White [46] ). In the first case, several portfolios traded in different domestic markets are considered. For each portfolio, the Brownian motion models both a country specific risk and an additional international risk factor. The second case relies on the fact, as documented empirically by the seminal works of Fama and French [29] , [30] , that the size of the firm induces an additional, size-specific, risk factor next to the market risk factor. In both situations, the market is incomplete because the traded assets do not span all the risk factors, as represented by the Brownian motion.
In incomplete markets, arbitrage-free pricing of contingent claims is not unique. The no-arbitrage assumption provides infinitely many equivalent martingale measures (EMM) and yields an interval of arbitrage-free prices, instead of a unique price. The reason is that perfect replication is impossible and risk cannot be fully eliminated. Still, upper and lower hedging prices (El Karoui and Quenez [27] ) can be charged in order to eliminate all risks. The upper hedging price represents the minimal initial payment needed for the hedging portfolio to attain a terminal wealth that is no less than the derivative payoff. This price, however, is excessively high, as it often reduces to the trivial upper bound of the no-arbitrage interval (Eberlein and Jacod [23] , Bellamy and Jeanblanc [9] ). In order to get more information on the asset value, one possibility is to introduce an optimality criterion that puts more restrictions on the bounds of the price interval, as a way to extend arbitrage pricing theory to incomplete markets.
A few examples include picking martingale measures according to optimal criteria (Föllmer and Schweizer [33] , Bellini and Frittelli [10] , Gerber and Shiu [35] , Goll and Rüschendorf [36] ), invoking (exponential) utility indifference arguments (Musiela and Zariphopolou [55] , [56] , Ankirchner et al. [1] , Becherer [8] , Henderson and Hobson [40] ), using dynamic risk measures for the optimal design of derivatives (Barrieu and El Karoui [5] , [6] , [7] ), pricing by stress measures (Carr et al. [14] ), or good-deal asset price bounds (Cochrane and Saà-Requejo [17] ), etc. (see Xu [61] or Horst and Müller [43] , and the references there in, for more details).
In this work, the optimality criterion comes from the risk indifference principle, recently proposed for pricing in incomplete markets (Klöppel and Schweizer [48] , Øksendal and Sulem [57] , Xu [61] ). The (seller's) dynamic risk indifference price is the initial payment that makes the risk involved for the seller of a con-tract equal, at any time, to the risk involved if the contract is not sold, with no initial payment. Hence, the resulting price is such that the agent is indifferent between his risk if a transaction occurs and his risk if no transaction occurs.
Replacing the criterion of maximizing utility by minimizing risk exposure is interesting because the latter is more often used in practice and because it is a natural extension to the idea of pricing and hedging in complete markets. Indeed, the extension of perfect dynamic hedging into an incomplete market would be that the trader buys or sells the option for an amount such that with active hedging his risk exposure will not increase at expiration. Moreover, the risk indifference pricing setting preserves the advantage of utility indifference pricing, mainly, its economic justification (Henderson and Hobson [40] ), while avoiding its limitations -essentially the lack of explicit calculations outside exponential utility models.
The abstract risk indifference pricing setting has been studied in Xu [61] , where it is shown to generalize utility-based derivative pricing introduced by Hodges and Neuberger [41] and valuation by stress measures of Carr et al. [14] . In a static framework, using stochastic control theory and PDE techniques, Øksendal and Sulem [57] implement the risk indifference method in a jump diffusion market. Using BSDE theory, this paper extends their results (in the diffusion case) to a non-Markovian time-consistent framework, for a large class of dynamic risk measures. The dynamic risk indifference price is given as the solution of a one-dimensional linear BSDE, which is amendable to numerical simulations (see, e.g., Bouchard and Touzi [12] , Labart [50] , or Zhang [62] ). As a corollary, the results produce a simple linear representation of the price as the expected derivative payoff under the "risk indifference measure".
Many authors have applied BSDE theory to pricing problems in incomplete markets. See, e.g., El Karoui et al. [24] , Barrieu and El Karoui [5] , [6] , [7] , Klöppel and Schweizer [47] , [48] , El Karoui and Rouge [28] , Hu et al. [44] , Ankirchner et al. [2] , Horst and Müller [43] , Becherer [8] , Mania and Schweizer [51] . The seminal work of El Karoui et al. [24] is a central reference for applications of BSDE techniques in asset pricing theory. The works of Barrieu and El Karoui [5] , [6] , [7] , carried on by Horst and Moreno-Bromberg [42] , set up a dynamic risk minimization problem where the investors are not supposed homogenous. Heterogenous individuals are allowed, possibly with hidden characteristics. Both risks of the buyer and the seller are modelled and the optimal derivative payoff and price are derived.
Here, in contrast, traders are assumed homogenous so that, by modelling their risk measure, indifference arguments yield an appropriate pricing scheme. In an abstract framework, Klöppel and Schweizer [47] , [48] study the time consistency of indifference valuation techniques based on dynamic convex risk measures coming from BSDEs. El Karoui and Rouge [28] examine a dual utility maximization problem in constrained markets, via BSDE techniques. Based on a work of Hu et al. [44] , Ankirchner et al. [2] use BSDE techniques to compute exponential indifference prices of derivatives based on non-tradable underlyings, in order to derive an explicit (quasi) hedging strategy. Horst and Müller [43] also consider financial derivatives written on non-tradable underlyings. They adopt an equilibrium approach and mix PDE and BSDE techniques that are amendable to numerical analysis. In a jump diffusion context, Becherer [8] use BSDE with jumps for solving a dynamic exponential indifference valuation and hedging problem. Mania and Schweizer [51] study a utility indifference valuation problem in a dynamic setting, using BSDE theory. Other references include El Karoui and Hamadène [26] , Cvitanic et al. [20] , Morlais [54] , [53] , Øksendal and Sulem [58] and Hamadène [37] .
We use BSDE theory to solve a dynamic risk indifference pricing problem explicitly. By means of a dual characterization of dynamic convex risk measures, the risk indifference pricing equation is expressed in terms of two zero-sum stochastic differential games. The idea is to apply the BSDE approach to these games (Hamadène and Lepeltier [38] ) for solving the problem. Relying on the work of Briand and Confortola [13] (see also Barrieu et al. [4] ), the results incorporate BSDEs with coefficients satisfying a stochastic Lipschitz condition that involves BMO martingales. This allows for the stochastic integral of the market price of risk to be a BMO martingale.
As an illustration, consider the (complete market) case where one risky asset S is modelled by means of a one-dimensional Brownian motion W on a filtered probability space:
for appropriate measurability and integrability conditions on the real processes µ t and σ t . Suppose the interest rate is zero. Then, it is well-known that the dynamic arbitrage-free price p t of a contingent claim with payoff g(S) at maturity T is the conditional expectation at time t of the (discounted) payoff g(S) with respect to the unique EMM Q, i.e.,
where dQ = K T dP and K T is defined by
K t is the stochastic exponential of the market price of risk θ t , which is defined by
Generally, θ t is taken to be bounded 1 so that K t is a uniformly integrable martingale. Then, Girsanov theorem applies and the probability measure Q defined above is an EMM. Here, θ t is allowed to be in BMO (compare (4) below), which implies the uniform integrability of K t . Relying on some recent results by Bion-Nadal [11] , this assumption enables the risk indifference pricing model developed in the sequel to cover a large class of dynamic convex risk measures, including risk measures that come from BSDEs, i.e., g-expectations (Barrieu and El Karoui [7] , Klöppel and Schweizer [48] , Peng [59] , Rosazza Gianin [60] ). In the complete market case, this extends the classical application of BSDE techniques in finance (El Karoui et al. [24] ) to the case where θ t is in BMO.
The goal is to develop a methodology for determining (a priori) risk-specific asset price bounds when markets are incomplete − and when trivial arbitrage bounds are too wide. The model theoretically determines the optimal seller's and buyer's market prices of risk, based on the risk indifference principle, for a large class of dynamic risk measures. This is convenient for many applications, especially from a risk management perspective.
For example, the resulting risk indifference price interval could be used to provide reference bid and ask prices with respect to a predetermined institutionspecific (or regulatory) measure of risk. In the same spirit, the comparison between different price intervals (depending on different measures of risk) can provide information on the risk sensitivity of a financial product. Risk indifference prices could also be used as a quantification of the risk associated with completeness assumptions and arbitrage-based formulas. If, for instance, the bounds of the risk indifference price interval are tight around the Black-Scholes price, for a specific risk measure, then arbitrage-based pricing formulas are reasonable, for that level of risk. If not, Black-Scholes prices are potentially missing important risk factors.
The paper is organized as follows. Section 2 formally introduces the dynamic risk indifference pricing framework. Section 3 presents the solution of the two stochastic differential games that appear in the risk indifference pricing equation. In section 4, an explicit description for the dynamic risk indifference price is provided, as well as a comparison with dynamic upper and lower hedging prices. Section 5 concludes.
Dynamic risk indifference pricing
Consider a financial market with finite horizon T and two investment possibilities:
(i) A riskless asset with constant price S 0 (t) = 1 at any time t ∈ [0, T ] − which is the same as taking the riskless asset as the numeraire;
(ii) n risky assets, of which prices are described by a multidimensional continuous semimartingale S(t) on a filtered probability space (Ω, F, {F t } t≥0 , P ).
Let the F t -predictable process π = π(t, ω) be a self-financing portfolio representing the amount invested in the risky assets at time t, and X x (t) be the wealth process associated with portfolio π, with initial value X (π)
Suppose the F T -measurable random variable G = G(ω) represents a contingent claim with maturity T > 0.
This work investigates the price of G in incomplete markets, from a riskbased, rather than utility-based, perspective. Thus the starting point is a given abstract conditional convex risk measure (Bion-Nadal [11] , Detlefsen and Scandolo [21] , Barrieu and El Karoui [7] ):
satisfying the following properties
• Translation invariance:
A convex risk measure can have additional properties:
• Continuity from below (resp. above): For any increasing (resp. decreasing) sequence X n of elements of L ∞ (Ω, F T , P ) such that X = lim X n P − a.s., the sequence ρ t,T (X n ) has the limit ρ t,T (X) P − a.s.
• Normalization: ρ t,T (0) = 0.
Remark 2
The economic rationale behind the properties characterizing dynamic convex risk measures is the same as in the unconditional case (Artzner et al. [3] , Föllmer and Schied [32] , Frittelli and Rosazza Gianin [34] ). In particular, L ∞ (Ω, F T , P ) may be regarded as the set of all possible (bounded) financial positions at time T , and ρ t,T (X)(ω) may be interpreted as the (monetary) degree of riskiness of X when state ω occurs. Translation invariance 2 provides the interpretation of ρ t,T (X) as a capital requirement and convexity accounts for the benefit of diversification. Broadly speaking, the σ-algebra F t models additional information available to the agent or shared by all the agents. When there is no additional information, F t is the trivial σ-algebra and definition (1) coincides with the definition of unconditional convex risk measures (Föllmer and Schied [31] ).
Continuity from above has not (to our knowledge) any particular economic relevance, except that it implies the existence of a dual representation in terms of probability measures (Detlefsen and Scandolo [21] ), on which our risk indifference pricing problem relies. The choice ρ i,j (0) = 0 simply allows mathematical simplification as it implies ρ i,j (A) = −A for every A ∈ R.
Writing ρ t for ρ t,T , we now argue as in the utility indifference case (initiated by Hodges and Neuberger [41] ):
(i) If a person sells a contract which guarantees a payoff G(ω) ∈ L ∞ (Ω, F T , P ) at time T and receives a payment p t for this, then at time t the minimal risk involved for the seller is
(ii) If, on the other hand, no contract is sold, and hence no payment is received, then at time t the minimal risk for the person is
The dynamic risk indifference price is defined as follows:
is the solution of the equation
is the payment that makes a person, at any time, risk indifferent between selling the contract with liability G and not selling the contract (and not receiving any payment either).
It is well-known that a dynamic convex risk measure can be represented as follows (Föllmer and Schied [31] , Frittelli and Rosazza Gianin [34] ):
where M is a family of measures and ζ is a "penalty function" satisfying appropriate assumptions. Taking this into consideration, the problem of finding the risk indifference price p risk t in (1) amounts to solving the following two zero-sum stochastic differential games:
for a set of admissible portfolios Π, a family of measures M , and a given penalty function ζ.
The optimal pair (π * , Q * ) we are looking for is a saddle point for the games in (2) in the sense that whilst the seller tries to minimize the risk of the transaction over the set of admissible financial strategies, the market tries to maximize the corrected expected loss over a set of "generalized scenarios" (i.e., probability measures), where correction depends on scenarios.
We call such problems stochastic differential pricing games. These can be solved using stochastic control theory and PDE methods (see, e.g., the work of Mataramvura and Øksendal [52] , or Øksendal and Sulem [57] ). In the sequel, we will make a choice of Π, M and ζ which makes it possible to explicitly solve these games using BSDE theory.
3 Stochastic differential pricing games
Precise formulation of the model
Suppose given a probability space (Ω, F, P ) on which is defined a multi-dimensional Brownian motion W := (W t ) t≤T . Take W to be d -dimensional and denote by F W t := σ(W s , s ≤ t) t≤T the natural filtration of W and by {F t } t≤T its completion with the P -null sets of F . Under these assumptions, {F t } t≤T satisfies the usual conditions, i.e., it is right-continuous and complete. The price of the n risky assets evolves according to the multi-dimensional SDE (in vector notation)
where µ(t) ∈ R n is a F t -predictable vector-valued map and σ(t) ∈ R n×d is a F t -predictable full rank matrix-valued map. W is a Brownian motion described as a column vector of dimension (d, 1) such that σ i dW has to be understood as a matrix product with (1, 1) dimension for each 1 ≤ i ≤ n.
Assume that the processes µ and σ are continuous and satisfy
where |b| is the usual Euclidean norm for b ∈ R n and |a|
for a ∈ R n×d . In this work, the incompleteness comes from illiquidity of the underlying risky assets. More precisely, the number of risky assets is assumed to be strictly smaller than the dimension of the Brownian motion, i.e., n < d. Therefore there is no unique EMM and hence no unique method for pricing a given contingent claim with payoff G in an arbitrage-free way.
A portfolio in this market is represented by the (1, n) row vector π(t) standing for the amount invested in the risky assets at time t. The dynamics of the corresponding discounted wealth X(t) = X (π)
The portfolio π(t) is admissible if it is F t -predictable, continuous, and satisfies
and
Π denotes the set of all admissible portfolios.
In the sequel, the terminal value of the wealth process, X (π)
x (T ), is assumed to be bounded, i.e., there exists a constant C ∈ R such that
This simplifying assumption is somewhat restrictive from a mathematical point of view. It ensures, however, that the results of the paper comfortably fit into the setting of Bion-Nadal [11] , where bounded financial positions are considered 4 . Moreover, as X (π)
x (T ) simplifies in the risk indifference equation (compare remark (5) below), the solution of the risk indifference pricing problem is not affected by this boundedness assumption. Additionally, an arbitrary large, but finite, wealth process is not a restriction in practice. Now, consider the family of measures M . A natural choice for M is the set of measures Q = Q θ of Girsanov transformation type, whose density depends on the market price of risk θ t = (θ(t)) t≤T , which obeys
Because the market is incomplete, σ is not invertible and θ t is not uniquely defined. There are infinitely many market prices of risk that satisfy (3) . However, the paper shows that choosing a convex risk measure for (indifference) pricing reduces to choosing a market price of risk or, equivalently, an EMM.
Precisely, θ t is assumed to be in BMO, i.e., it is a F t -predictable R 1×d -valued process such that there is a constant C which, for any stopping time τ ≤ T , satisfies
N denotes the smallest constant C for which the previous statement is true. Under this assumption, the martingale
is a BMO martingale with BMO norm equal to N (see Kazamaki [45] for the theory of continuous BMO martingales). A very important feature of BMO martingales is that the exponential martingale
is a uniformly integrable martingale. Hence, (4) may advantageously replace the classical Novikov condition in the application of Girsanov theorem, which is central in finance.
Remark 4
The BMO assumption on the market price of risk θ t replaces the usual boundedness assumption. The rationale for the boundedness of θ t is twofold: first, it ensures that Novikov's condition holds; second, it guarantees that the variance of K(t) is finite. If those two conditions hold (Novikov and finite variance for K(t)), then θ t is said to be L 2 -reducible (see Duffie [22] ). L 2 -reducibility is not only interesting because it allows Girsanov theorem to apply; it also has a portfolio interpretation and a link to the option pricing bounds studied by Cochrane and Saà-Requejo [17] .
Indeed, K(t) can be interpreted as a stochastic discount factor (SDF), or a pricing kernel, and finiteness of the variance of K(t) is equivalent to an upper limit on the Sharpe ratio of mean excess return to standard deviation. Further, the finiteness assumption turns out to be equivalent to the propensity of an investor to take part, at the margin, in any portfolio that delivers a Sharpe ratio greater than some related bound (Hansen and Jagannathan [39] ). This insight is used to study good-deal option pricing bounds (Cochrane and Saà-Requejo [17] ). An interesting question is whether the BMO assumption on the market price of risk also entails some kind of portfolio interpretation.
Define the measure Q θ as
Θ is the set of all controls θ t that satisfy (3) and (4) and M is the set of measures defined as follows:
This definition and Girsanov theorem imply that all the measures Q θ ∈ M are EMM, i.e., they belong to a set of probability measures Q on F T such that Q ≪ P and P ≪ Q and the discounted stock price process S(t) is a martingale with respect to Q.
The controlled process Y (t) ∈ R 1+n is defined as follows (in vector notation):
Abusing notation, µ(t), σ(t), θ(t) and π(t) stand for µ(ω, t, Y ), σ(ω, t, Y ), θ(ω, t, Y ) and π(ω, t, Y ), respectively, the dependence on Y being non-Markovian 5 .
Returning to the stochastic differential games in (2), assume that the penalty function ζ has the form
where λ and h are bounded F t -predictable functions with values in R + . Again, the functions λ and h are allowed to depend on Y in a non-Markovian way.
These assumptions imply (Bion-Nadal [11] , proposition 4.13) that
is a time-consistent (normalized) dynamic risk measure. Moreover, it is straightforward to show that ρ t (X) is also a convex dynamic risk measure.
This choice for ρ t includes the relative entropy, with penalty function ζ(Q) = E[ dQ dP ln dQ dP ], as a special case (take t = 0, λ = 0 and h = ln K(T )). More generally, it includes dynamic risk measures coming from BSDEs (see proposition 4.15 and remark 4.16 in [11] , and theorem 7.4 in [7] ).
Further, assume that the given claim G has the non-Markovian form
Solution of the game
This section proceeds to solve problem (9) . The idea is to express the conditional expectation in (9) as the solution of a linear BSDE with specific coefficient and terminal condition, say R t (f π,θ , ξ π,θ ). Then, problem (9) reduces to ess inf
which can be solved using the nice property (El Karoui et al. [24] ):
Therefore, it is necessary to ensure that the coefficient and terminal condition of the BSDE that solves (9) are optimal (compare the right-hand side of (10) above). Define the functional H as H(t, y, z, θ) := −λ(t, y, θ) + θz, where z ∈ R d . H can be interpreted as the Hamiltonian of the game because sup θ∈Θ H is the coefficient of the BSDE that solves problem (9) (see the next theorem).
Assume that H and Λ satisfy the following optimality conditions:
There exist optimal controls θ * and π * such that
and Λ(T, y, θ, π
∀θ ∈ Θ and ∀π ∈ Π. Notice that if λ and h are assumed to be strictly convex, then θ * is unique.
Remark 5
The optimality conditions assume the existence of an optimal portfolio π * . In fact, π * is the portfolio that maximizes the terminal value of the wealth process or, equivalently, minimizes the risk of the agent's final position, whether a transaction occurs or not. Such a hedging strategy is nevertheless unreasonable from a financial viewpoint, because it is too expensive. This, however, is not a problem since π * simplifies in the risk indifference equation. In Hu et al. [44] the explicit (exponential) form of the utility function induces different optimal portfolios when a derivative is bought or not. Then, in Ankirchner et al. [2] , an explicit hedging strategy is derived, based on the change of optimal strategy induced by the new derivative in the portfolio (see also Becherer [8] ). In Ankirchner et al. [2] , however, the market price of risk is determined on an a priori basis, and it simplifies in the indifference hedging argument.
Here, the situation is opposite: the risk indifference argument leads to an optimal market price of risk (or EMM) for pricing, whereas the optimal portfolio π * simplifies in the pricing equation (compare equations (19) and (18) below).
Now, consider the following lemma:
Lemma 6 The function H(t, y, z, θ * ) satisfies the assumptions A1, A2 and A4 in the appendix. Moreover, H(t, y, z, θ * ) and Λ(T, y, θ * , π * ) satisfy assumption A3.
Proof. Because H(t, y, z, θ) = −λ(t, y, θ) + θz and because θ satisfies (4), it is direct to verify that assumptions A1, A2 and A4 hold for H(t, y, z, θ). The first part of the claim then follows because H(t, y, z, θ * ) = ess sup θ∈Θ H(t, y, z, θ).
Given the assumptions on λ, g, X and h, one can check that assumption A3 holds for H(t, y, z, θ) and Λ(T, y, θ, π). The last part of the claim follows from (13) and Λ(T, y, θ * , π * ) = ess inf
Here is the first main theorem:
Theorem 7 Assume that the optimality conditions (11) and (12) hold. Then there exists (R * t , Z * t ) solution of the BSDE associated with (H(t, y, Z * t , θ * ), Λ(T, y, θ * , π * )), i.e., −dR *
In addition the pair of strategies (π * , θ * ) is a saddle-point for the zero-sum stochastic differential game and
and the initial value of the game is R * 0 .
The argument of the proof is the same as in Hamadène and Lepeltier [38] (see also El Karoui et al. [25]).
Proof. By lemma (6), the coefficient H(t, y, Z * t , θ * ) and the final condition Λ(T, y, θ * , π * ) satisfy conditions A1, A2, A3 and A4 in the appendix. Therefore, proposition (16) in the appendix applies and
i.e.,
has a unique solution (R * t , Z * t ) ∈ S p × M p for all p < p * . R * t is explicitly given by
where (Γ t,s ) s≥t is the adjoint process defined by the forward linear SDE
Using the flow property of Γ t,s and writing Γ t for Γ 0,t , one has
one obtains that J t (π * , θ * ) = R * t P − a.s. It remains to check that the pair (π * , θ * ) is a saddle-point for the game. If θ is another control for one player (the market), then there exists solution (R θ t , Z θ t ) of the BSDE associated with (H(t, y, z, θ), Λ(T, y, θ, π * )), and R θ t = J t (π * , θ). The comparison theorem 17 (in the appendix) and the optimality conditions (11) and (12) 
. In a symmetric way, one can prove, for the other player (the seller), that J t (π * , θ * ) ≤ J t (π, θ * ) for any admissible strategy π. Henceforth, (π * , θ * ) is a saddle-point for the game.
It follows that the initial value of the game is R * 0 .
Now consider the problem of finding Ψ G (y) and an optimal control θ ∈ Θ such that
where
The initial stochastic saddle-point problem (9) relates to the above stochastic control problem in a very simple fashion. This is the second main theorem. , x) is the value function for problem (9) and Ψ G t (y) the value function for problem (16) . Then
for some optimal pair (θ * , π * ), and for t ∈ [0, T ]. When t = 0, the optimal control θ ∈ Θ for problem (16) is such that for all π ∈ Π the pair
is an optimal pair for problem (9) .
Proof. The first step is to solve the stochastic control problem (16) . Proceeding as in theorem 7, one gets Ψ G t (y) = R t , with
Note that for all π ∈ Π,
since Q θ * is an EMM. In particular, when t = 0,
Because one can choose θ t = θ * t in order to satisfy the optimality conditions (11) and (12), it follows that
When t = 0, this reduces to
In that case,
so, for all π ∈ Π, the pair
is an optimal pair for problem (9) at time t = 0, as claimed.
Solution of the dynamic pricing problem
Theorem 8 can be used to solve the risk indifference pricing equation (1), i.e., to find p t = p
where Φ G t is the solution of problem (9), and Φ 0 t the solution of the same problem with g(S) = 0. Indeed, by theorem 8, this reduces to
where Ψ G t (k, s) is solution of (16) and Ψ 0 t solution of (16) with g(S) = 0. Hence,
In the diffusion case, this extends the results of Øksendal and Sulem [57] to a time-consistent non-Markovian setting that includes a large class of dynamic convex risk measures.
In addition, p t is the difference between the solutions of two linear onedimensional BSDEs, i.e.,
Changing variables, one gets p t = R risk t , where R risk t is the solution of a linear one-dimensional BSDE, the "pricing BSDE":
Moreover, by proposition 16,
and Q θ * ∈ M = {Q θ ∈ M |θ ∈ Θ satisfies (11) and (12)}.
Remark 9
The risk indifference method leads to a linear pricing rule involving only linear BSDEs and (linear) conditional expectations. On the contrary, an approach based directly on risk measures coming from BSDEs (Barrieu and El Karoui [7] ) or on exponential utility functions (Ankirchner et al. [2] ) leads to non linear conditional expectations and non linear indifference pricing rules. Then, marginal utility pricing, i.e., the limit of the indifference price as the quantity sold converges to 0, can be used to give a linear version of the pricing model. Here, the pricing rule is linear: for example, the risk indifference price of 2 × g(S) is equal to twice the indifference price of g(S), which is clear from (22) .
Abusing notation and writing H(θ) and Λ(θ) for H(t, y, z, θ) and Λ(T, y, θ, π), respectively, the following theorem summarizes these results for the seller's risk indifference price:
Theorem 10 (Seller's risk indifference price) Suppose that the optimality conditions are satisfied for θ * , i.e., H(θ * ) ≥ H(θ), and Λ(θ * ) ≥ Λ(θ), ∀θ ∈ Θ. Then, at time t, the seller's risk indifference price of g(S) is given by the solution p 
Concerning the buyer's risk indifference price p bu yer t , a similar result holds, noticing that the optimality conditions involve functions H(θ) := λ(t, y, θ) + θz and Λ(θ) := g(S) − X (π)
Theorem 11 (Buyer's risk indifference price) Suppose that the optimality conditions are satisfied for θ, i.e., H(θ) ≤ H(θ), and Λ(θ) ≤ Λ(θ), ∀θ ∈ Θ. Then, the buyer's risk indifference price of g(S) at time t is given by the solution p bu yer t = R bu yer t of the following BSDE:
Remark 12 The optimality conditions, which depend on the shape of the penalty function, induce the choice of a particular EMM for pricing. Therefore, Q θ * can be seen as the "risk indifference martingale measure". In the complete market case, i.e., when there is a unique EMM, we get the risk-neutral valuation formula, for any penalty function. From a financial perspective, this means that the price is unique in complete markets because any risk can be perfectly hedged, whatever the way it is measured. In incomplete markets however, the way one measures risk determines the size of the interval between buyer's and seller's prices. Therefore, the risk indifference approach, which derives from the utility indifference principle, ends up picking a specific martingale measure. This provides a connection between indifference and martingale pricing techniques.
One can take advantage of these results in order to compare the risk indifference seller's and buyer's prices with dynamic upper and lower hedging prices.
Formally, at time t ∈ [0, T ], the dynamic upper hedging price of a contingent claim g(S) = G is defined by
When t = 0, this reduces to the classical definition of upper hedging prices, which represents the minimal initial payment x needed in order to be able to attain a terminal wealth X (π)
x (T ) which in no less than the guaranteed payoff G.
If a trader charges this price for selling an option, he can trade to eliminate all risks. One can show (Kunita [49] ) that, at time t ∈ [0, T ], the dynamic upper hedging price p up t (G) satisfies
Similarly, for the dynamic lower hedging price,
In general the gap between p up t and p low t is too wide to make either of them a good candidate for the trading price in an incomplete market. However, with risk indifference prices, the gap gets smaller, as proven by Øksendal and Sulem [57] in the static case:
, where Q θ * ∈ M * and M * is as in theorem 10, one has
where Q θ ∈ M and M is as in theorem 11. Hence,
It remains to prove the second inequality. The argument is a BSDE version of that of Øksendal and Sulem [57] (in the static case). Referring to theorem 7 and theorem 8, one can write
W is the Q θ -Brownian motion defined, by means of Girsanov theorem, as
Similarly, for the risk indifference buyer's price,
Noticing that R Hence the role of the penalty function is threefold. First, it determines the shape of the convex risk measure. Second, it reduces the size of the interval between buyer's and seller's prices. Third, it determines the optimal martingale measure (the "risk indifference martingale measure") for pricing when risk cannot be completely hedged.
From a financial point of view, this essentially means that the distance between buyer's and seller's prices depends on the way one measures risk. For a given contingent claim, the comparison between different price intervals, depending on different penalty functions, could give information on the risk sensitivity of the product in question. This could be useful from a risk management perspective.
Conclusion
Relying on the risk indifference principle, this article solves a contingent claim pricing problem in markets where the underlying traded assets are illiquid. Backed by BSDE theory, the results produce a simple linear representation of the dynamic risk indifference price as the expected derivative payoff under the "risk indifference measure". It is shown that a dynamic risk indifference approach provides tighter price bounds than upper and lower hedging prices, as proven by Øksendal and Sulem [57] in the static case.
The avenues for future work are multiple. A direct extension concerns the jump diffusion case, which requires to generalize the results in the appendix to BSDEs with jumps.
From a practical point of view, the associated risk indifference hedging problem deserves some attention. This, however, cannot be derived from a formula for the difference of the respective optimal investments strategies (with and without transaction), as is usually the case in utility indifference settings, because the optimal strategies simplify in the risk indifference equation. An alternative idea would be to exploit the form of the solution (a linear BSDE) to determine the link between the optimal portfolio and the Malliavin derivative of the risk indifference price process. Combining both improvements (jump diffusion and hedging formula) would provide a decisive extension to this paper.
From a risk management perspective, the model allows designing various dynamic risk indifference pricing equations, leading to different price intervals by choosing appropriate penalty functions. For a given asset, the comparison between such intervals has an interpretation in terms of risk sensitivity. In that perspective, numerical simulations of the results could help assess the risk of various financial products.
Appendix: BSDEs with random Lipschitz coefficients
This appendix first recalls an existence and uniqueness result for BSDEs with coefficients satisfying a random Lipschitz condition that involves BMO martingales (Briand and Confortola [13] ). Then, it provides representation and comparison theorems for linear BSDEs that are needed for solving the risk indifference pricing problem. The method is adapted from El Karoui et al. [24] .
Denoting by E the expectation operator with respect to P, define the following spaces, for any real p > 0:
• S p (0, T ) denotes the space of R-valued adapted with continuous paths
•
Consider the following one-dimensional BSDE:
The differential form of the equation is
Hereafter g is called the coefficient and ξ the terminal value of the BSDE. A coefficient is a random function g : [0, T ] × Ω × R × R d which is measurable with respect to P ⊗ B(R) ⊗ B(R d ) 6 and a terminal condition is simply a real F T -measurable random variable. Only coefficients such that, P −a.s., for each t ∈ [0, T ], (y, z) → g(t, y, z) is continuous, are considered. A solution to the above BSDE is a pair (Y,
Assume the following assumptions on the coefficient:
There exists a R d -valued process K and a constant α ∈ (0, 1) such that P −a.s.:
• for each t ∈ [0, T ], (y, z) → g(t, y, z) is continuous;
, is a predictable R d -valued process bounded from below by 1 such that there is a constant C such that, for any stopping time τ ≤ T ,
N denotes the smallest constant C for which the previous statement is true. For our purposes, the following proposition is crucial:
Proposition 16 Let θ t a predictable R 1×d -valued process satisfying assumption A.2, and let λ and ξ satisfy assumption A3. Then, the following linear BSDE:
has a unique solution (Y, Z) ∈ S p × M p for all p < p * and Y is explicitly given by
where (Γ t,s ) s≥t is the adjoint process defined by the forward linear SDE dΓ t,s = Γ t,s θ s dW s , Γ t,t = 1, (27) satisfying the flow property Γ t,s Γ s,u = Γ t,u , ∀t ≤ s ≤ u, P− a.s. In particular, if ξ and ϕ are non negative, Y is non negative. If, in addition, Y 0 = 0, then for any t, Y t = 0 P −a.s., ξ = 0 P −a.s. and ϕ = 0 dt ⊗ dP a.s.
Proof. The existence and uniqueness of a solution to (25) follows from theorem 15. The proof of the explicit representation relies on performing a Girsanov change of probability measure. By assumption, The last result is a comparison theorem for one-dimensional BSDEs like (25) . It is essential for applications in optimal control and stochastic differential games. Setting g t (Z t ) = λ t + θ t Z t , g ′ t (Z t ) = λ 
which is equivalent to −dδY t = (θ t δZ t + δg t )dt − δZ t dW t δY T = ξ − ξ ′ .
By proposition (16) , one has that
where Γ t,s satisfies the SDE (27) . Because δg t and δY T are nonnegative, it follows that δY t is nonnegative as well. 
